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Abstract
We perform the characterization program for the supersymmetric configurations and
solutions of the N = 1, d = 5 Supergravity Theory coupled to an arbitrary number of
vectors, tensors and hypermultiplets and with general non-Abelian gaugins. By using the
conditions yielded by the characterization program, new exact supersymmetric solutions
are found in the SO(4, 1)/SO(4) model for the hyperscalars and with SU(2)×U(1) as the
gauge group. The solutions contain also non-trivial vector and massive tensor fields, the
latter being charged under the U(1) sector of the gauge group and with selfdual spatial
components. These solutions are black holes with AdS2 × S3 near horizon geometry in
the gauged version of the theory and for the ungauged case we found naked singularities.
We also analyze supersymmetric solutions with only the scalars φx of the vector/tensor
multiplets and the metric as the non-trivial fields. We find that only in the null class the
scalars φx can be non-constant and for the case of constant φx we refine the classification
in terms of the contributions to the scalar potential.
1 Introduction
The seminal work on the characterization of supersymmetric solutions of supergravity was done
by Tod in Ref. [1] for the pure N = 2, d = 4 Supergravity Theory. The method he used is
based on the translation of the Killing spinor equations to tensorial equations for bilinears of
the Killing spinors, which are easier to handle that the spinorial equations. All the conditions
needed to have a bosonic supersymmetric configuration can be extracted from these equations
for the bilinears. Furthermore, the Killing spinor equations are first-order, unlike the equations
of motion that are second-order. Indeed, among the conditions found by Tod, it is remarkable
the simplicity of the differential equations that must be satisfied by the supersymmetric solu-
tions. Some years after this work, Tod extended the analysis to more general four dimensional
supergravity theories in Ref. [2].
After the work of Tod, Gauntlett et al. in Ref. [3] adapted the program to the minimal
five-dimensional ungauged theory with eight supercharges (N = 1). These authors developed
the approach in a pure tensorial language, in contrast to the Newmann-Penrose formalism used
by Tod.
The work of Gauntlett et al. renewed the attention on the characterization program and
after it a lot of related work has been done for supergravity theories in several dimensions,
number of supercharges, gauged/ungauged symmetries and matter couplings. Regarding the
N = 1, d = 5 theory, soon after the publication of Ref. [3] the classification in the gauged
minimal theory was achieved in Ref. [4]. The analysis of the (Abelian) gauged theory with
couplings to an arbitrary number of vector multiplets was done in Ref. [5], restricted to the
time-like case and considering only symmetric spaces for the scalar manifold. The analysis was
extended to the null case and relaxing the condition of symmetry on the scalar manifold in
Ref. [6]1. The characterization program for the ungauged theory with vector- and hypermul-
tiplets (without restrictions on the scalar manifolds) was done in Ref. [9] and the case of the
theory with general non-Abelian gaugings was analyzed in Ref. [10] (previous, partial analyzes
were done in Refs. [11]).
As we mentioned above, there are many papers [12, 13] on the characterization of super-
symmetric solutions in others theories of supergravity. In addition, various papers [14] have
been written on the subject using the technique of the spinorial geometry.
The main aim of this work is to complete the characterization of supersymmetric solutions
of the N = 1, d = 5 Supergravity Theory, initiated in Refs. [3, 4, 5, 6, 9, 10], by turning on
tensor multiplets. With the adding of tensor multiplets we cover the most general couplings
to matter multiplets known in N = 1, d = 5 Supergravity. We perform the study for the
gauged version of the theory because it is a more general context and, most importantly, tensor
multiplets make sense only in the gauged scenario. Any result in the ungauged theory can
be obtained from the gauged theory by sending the Yang-Mills coupling constant to zero and
turning off the tensor fields.
Tensor multiplets contain two-form fields that, in contrast to the field strengths of vector
gauge fields, transform in a non-adjoint representation of the gauge group [15]. Their exterior
covariant derivative does not vanish, they satisfy instead a massive self-duality condition [16]
which is precisely given by their equation of motion. This condition is needed in order to
balance the fermionic/bosonic degrees of freedom in each multiplet, hence tensor multiplets
1Previous work on these theories can be found in Refs. [7, 8].
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must be considered as on-shell multiplets2. In addition, as well as vector multiplets, each
tensor multiplet includes an scalar field and an one-half spinor field.
The N = 1, d = 5 gauged Supergravity coupled to an arbitrary number of vector-, tensor-
and hypermultiplets is the most general theory of supergravity known with eight supercharges
in five dimensions. Therefore, the results of the characterization can be used for very general
analyses related to supersymmetric solutions, since preserved supersymmetry gives a lot of
information about the solutions and the set of equations that must be solved is much smaller
than the original set of equations of motion. For example, the conditions for supersymmetric
solutions resulting from the characterization program can be used to analyze five-dimensional
black holes/rings, which is a growing area of research.
One of the main interest on supersymmetric solutions of the five-dimensional supergravity
is the existence of supersymmetric domain walls that have AdS5 asymptotics. This kind of
configurations is crucial for the brane-world scenario and also for the AdS/CFT correspondence.
Their existence is related to the extrema of the scalar potential characteristic of the gauged
theory. Tensor multiplets, as well as vector- and hypermultiplets, give contributions to this
potential. Therefore, the possibilities of finding new classes of supersymmetric minima of
the potential are increased once the characterization of supersymmetric solutions with the
most general matter couplings is done. With the aim to get some insight on this class of
configurations, in this paper we analyze supersymmetric scalar-gravity configurations once the
characterization program has been completed. These configurations have vanishing vector
and tensor fields and the hyperscalar are just constant, hence the scalars of the vector/tensor
multiplets and the metric are the only active fields. Scalar-gravity configurations are close to
pure gravity configurations and are appropriated to study minima of the scalar potential.
In order to give a further proof of the usefulness of the characterization of the supersym-
metric solutions, in this paper we use the results of this program as a framework to find new
supersymmetric solutions of N = 1, d = 5 Supergravity with several active matter fields. In
Ref. [9] new exact supersymmetric solutions of the ungauged N = 1, d = 5 supergravity theory
with hyperscalars taking their value in the SO(4, 1)/SO(4) manifold were found. The setting
used was taken from a solution of the six-dimensional theory found in Ref. [13]. It is intersting
to see wether these 5d solutions can be generalized to the gauged case and with more active
matter fields. Moreover, The 5d solutions found in Ref. [9] have a naked singularity whereas
the 6d solution found in Ref. [13], which belongs to the gauged theory, has a horizon. There-
fore, it is also interesting to determine if the presence of naked singularities is linked to the
ungauged scenario. Motivated from these previous results on the SO(4, 1)/SO(4) model for
the hyperscalars, we take this model to find the new supersymmetric solutions. To this end
it also required to set an appropriated model for the scalar fields of the vector/tensor multi-
plets, as well as the gauge group together with the representation under which the tensor fields
transform.
This paper is organized as follows: In the next section we show the generalities of the theory,
including the action, equations of motion and supersymmetry transformation rules. In section
3 we perform the characterization program. We subdivide this section in three parts: general
results, time-like case and null case. In section 4 we analyze the supersymmetric scalar-gravity
configurations. In section 5 we show exact supersymmetric solutions in the SO(4, 1)/SO(4)
2Of course, after all we are interested in supersymmetric solutions, hence all fields are on-shell for us.
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model for the hyperscalars. Finally we present some conclusions.
2 N = 1, d = 5 Supergravity with gaugings and general
matter couplings
The theory was elaborated by several authors in successive steps. The Lagrangians of the pure
N = 1, d = 5 Supergravity were found in Refs. [17]. The couplings of the pure theory to
vector multiplets in the ungauged and gauged scenarios were analyzed in Refs. [18, 19] and the
extension to tensor multiplets was done in Ref. [15]. The first complete Lagrangian of gauged
N = 1, d = 5 Supergravity coupled to vector, tensor and hypermultiplets with general scalar
manifolds was given in Ref. [20]. The authors of Refs. [15, 20], however, considered only a
restricted class of couplings between vector and tensor fields. The theory with the most general
couplings was achieved in Ref. [21], and we take the action from this reference, following most
of its conventions3
The field content of the theory consists of the supergravity multiplet {eµa, ψiµ, Aµ}, nV
copies of a vector multiplet, {Ax′µ , φx′, λx′i}, x′ = 1, . . . , nV , nT copies of a tensor multiplet,
{BMµν , φM , λMi}, M = 1, . . . , nT , and nH copies of a hypermultiplet, {qX , ζ iA}, X = 1, . . . , 4nH .
As it is well-known, several fields of the supergravity, vector and tensor multiples are related
between them by symmetries hence it is convenient to treat them on the same footing. From
now on we use the following notation: φx and λxi, x = 1, . . . , nV +nT , are the scalar and spinor
fields of the vector-tensor multiplets; AI , I = 1, . . . , nV + 1 are the vector fields, including the
vector field of the supergravity multiplet, and H I˜ , I˜ = 1, . . . , nV + nT + 1 represents the field
strengths/tensor fields, H I˜ = (F I , BM). In some instances it is convenient to unify the notation
on the scalars, hence we use sometimes the index x˜ and the variable ϕx˜ = (φx, qX). All the
spinors satisfy a symplectic-Majorana condition.
The target manifold of the φx fields belongs to the class of very special geometry whereas
the target of the qX fields is a non-compact quaternionic Ka¨hler manifold. We denote these
manifolds byMV S andMQK respectively. The former is defined through the embedding of φx
into hI˜(φx), such thatMV S is defined by
CI˜J˜K˜h
I˜hJ˜hK˜ = 1 , (2.1)
where CI˜J˜K˜ is a completely symmetric constant symbol. Given CI˜J˜K˜ one has the scalar metrics
aI˜ J˜ = −2CI˜ J˜K˜hK˜ + 3hI˜hJ˜ , gxy = hI˜xhJ˜yaI˜ J˜ , (2.2)
where hI˜ = CI˜ J˜K˜h
J˜hK˜ and hJ˜x = −
√
3∂xh
J˜ , hJ˜x = +
√
3∂xhJ˜ . Various identities of the very
special geometry can be found in Ref. [18]
Quaternionic Ka¨hler manifolds are 4nH-dimensional Riemannian manifolds characterized
by a metric gXY and a quaternionic structure ~JX
Y , such that the three two-forms ~JXY are
covariantly closed respect to a su(2) connection ~ωX whose curvature is proportional to ~JXY . In
3 In contrast to Ref. [21], we use a mostly minus signature for the space-time metric and define the Ricci
tensor by Rµν = Rµαν
α. We raise and lower the SU(2) index according to Ai = ǫijA
j , Ai = −ǫijAj . We also
fix the value of the five-dimensional Newton constant, κ−1 =
√
2.
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general, the holonomy of a quaternionic Ka¨hler manifold is SU(2) × Sp(nH ,H). For nH = 1,
however, these conditions are not restrictive at all. In this case quaternionic Ka¨hler manifolds
are defined by the conditions of being Einstein and self-dual. The subject of quaternionic-like
manifolds is treated in detail in Ref. [22].
In the gauged theory the vector fields are the gauge fields for some group G that also acts on
the “matter” fields of the theory (scalars, tensors and spinors), which leads to couplings between
gauge and matter fields via covariant derivatives4. We shall use names as “G-symmetry” to
refer to this kind of gauge transformations.
Since the Lagrangian is a σ-model for the scalars, the G-group must be a subgroup of the
isometries of the target manifold. Therefore the directions of the gaugins are determined by
Killing vectors satisfying
[kI , kJ ]
x˜ = −fIJKkKx˜ . (2.3)
To each Killing vector of theMQK manifold there is associated a triplet of scalars that form a
SU(2) vector,
2nH ~PI = ~JX
Y∇Y kIX , (2.4)
which is called the momentum map. Momentum maps allow the embedding of theG-transformations
into SU(2) transformations, which is the R-symmetry group acting on the spinors. In partic-
ular, the corresponding SU(2) gauge connection is 1
2
AI ~PI . In addition, there are R-symmetry
gauge transformations induced by SU(2) transformations inMQK, such that the full space-time
gauge connection for the R-symmetry is the combination
~B = dqX~ωX +
1
2
gAI ~PI . (2.5)
For instance, the covariant derivative on the gravitino is5
Dµψ
i
ν = ∇µψiν +Bµjiψjν . (2.6)
In absence of hypermultiplets (nH = 0) the momentum maps ~PI can still be defined in two
cases in which they are equivalent to a set of constant Fayet-Iliopoulos terms. In the first case
the gauge group contains an SU(2) factor and
~PI = ~eI ξ , (2.7)
where ξ is an arbitrary constant and the ~eI are constants that are nonzero for I in the range
of the SU(2) factor and satisfy
~eI × ~eJ = fIJK~eK . (2.8)
In the second case the gauge group contains U(1) factors and
~PI = ~e ξI , (2.9)
4In the ungauged theory the vector fields have still Abelian gauge symmetries, but they do not act on the
matter fields. In both cases there are other couplings between gauge and matter fields besides the covariant
derivatives.
5We use the symbol D to denote the generalized space-time covariant derivative. It is made from the affine,
spin and vector gauge connections. When it acts on SU(2) objects like the spinors it includes the ~B connection.
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where ~e is an arbitrary SU(2) vector and the ξIs are arbitrary constants that are nonzero for
the I corresponding to U(1) factors.
Tensor multiplets can be coupled only in the gauged version of the theory. In general,
the vector/tensor multiplets are mixed under the action of the G-group. They transform in a
representation whose basis is denoted by tI ,
[tI , tJ ] = −fIJKtK . (2.10)
The general form of these matrices is
[tI ]J˜
K˜ =
(
fIJ
K tIJ
M
0 tIN
M
)
, (2.11)
where, of course, the adjoint-representation components correspond to the gauge sector, whereas
the rest of components are not in the adjoint representation and correspond to the transforma-
tions of the tensor multiplets. Although fIJ
K and tIN
M realize smaller representations of the
G-group, the presence of the tIJ
M components makes tIJ˜
K˜ a non completely reducible repre-
sentation. It is known [15] that the supersymmetry of the theory forbids the coupling to vector
fields that are “charged” under the G-gauge group (i. e., transforming homogeneously in a
representation that is not the adjoint), since this kind of vector fields would be massive and
this leads to a mismatch between the fermionic/bosonic degrees of freedom. Massive tensor
fields are the only admissible charged two-forms in the theory.
The Killing vectors of the target manifold MV S are completely determined in terms of the
matrices tI ,
kI
x = −
√
3tIJ˜
K˜hJ˜xhK˜ = −
√
3tIJ˜
K˜hJ˜hx
K˜
. (2.12)
The G-symmetry transformations and covariant derivatives of the bosonic fields are
δΛA
I = dΛI + gfJK
IAJΛK , δΛX
I˜ = −gΛJtJK˜ I˜XK˜ , (2.13)
δΛϕ
x˜ = −gΛIkx˜I , (2.14)
DX I˜ = dX I˜ + gAJtJK˜
I˜XK˜ , Dϕx˜ = dϕx˜ + gAIkI
x˜ , (2.15)
where X I˜ can be H I˜ , hI˜ and so on.
The action of the theory needs one more symbol: an antisymmetric and invertible matrix
ΩMN (the number of tensor multiplets is restricted to be even). We denote by Ω
MN the (minus)
inverse of ΩMN , ΩMNΩ
PN = δM
P . Invariance of the action under G-symmetry transformations
imposes the constraints
tI[M
PΩN ]P = 0 , (2.16)
tI(J˜
F˜CK˜L˜)F˜ = 0 . (2.17)
Moreover, it turns out that the tensorial components of CI˜J˜K˜ are not independent parameters,
they are instead given by6
CJ˜K˜M = −
√
3
2
t(J˜ K˜)
PΩPM . (2.18)
6 tM = 0
6
Notice that, in order to avoid singular metrics aI˜ J˜ and gxy for a theory coupled to tensor
multiplets, we must demand that not all the components tIJ˜
M vanish, that is, tensor multiplets
can be coupled only in the gauged theory and only when they are charged under some sector
of the G-group.
The bosonic action of N = 1, d = 5 gauged supergravity is given by7
S =
∫ [
R ⋆ 1 + 1
2
gx˜y˜Dϕ
x˜ ⋆Dϕy˜ + V(φ, q) ⋆ 1− 1
2
aI˜ J˜H
I˜ ⋆ H J˜
+ 1
3
√
3
CIJKF
IF JAK − 1
4
gSIJKLF
IAJAKAL + 1
40
g2SIJKLfFG
IAJAKALAFAG
+1
4
ΩMN
(
g−1BMdBN + 2tIJNBMAIF J + tIP NBMAIBP
)]
,
(2.19)
where
V(φ, q) = 4g2
(
2~P · ~P − ~Px · ~P x − 18kx˜kx˜
)
, (2.20)
= 4g2
(
CIJKhI ~PJ · ~PK − 18kx˜kx˜
)
, (2.21)
~P = 1√
2
hI ~PI , ~Px =
1√
2
hIx
~PI , k
x˜ =
√
3hIkx˜I , (2.22)
SIJKL =
1
3
√
3
CFIJfKL
F − 1
2
ΩMN tJI
M tKL
N . (2.23)
The equations of motion of the bosonic fields, for which we use the following notation
Eaµ ≡ − 1
2
√
g
δS
δeaµ
, Ex˜ ≡ − 1√
g
δS
δϕx˜
, EIµ ≡ 1√
g
δS
δAIµ
, EMµν ≡ 4√
g
δS
δBMµν
, (2.24)
are
Eµν = Gµν − 12aI˜ J˜
(
H I˜ µ
ρH J˜ νρ − 14gµνH I˜ ρσH J˜ ρσ
)
+ 1
2
gx˜y˜
(
Dµϕ
x˜
Dνϕ
y˜ − 1
2
gµνDρϕ
x˜
D
ρϕy˜
)
−1
2
gµνV , (2.25)
Ex = DµDµφx + 14∂xaI˜ J˜H I˜ ρσH J˜ ρσ − ∂xV , (2.26)
EX = DµDµqX − ∂XV , (2.27)
⋆EI = −d ⋆ HI + gAJfJIK ⋆ HK + 12AJtJIMΩMNDBN + 1√3CIJ˜K˜H J˜HK˜ + gkIx˜ ⋆Dϕx˜ ,
(2.28)
⋆EM = g−1ΩMNDBN − 2 ⋆ HM . (2.29)
7 In this formula we omit the wedge symbol in the multiplication of differential forms
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Note that the Maxwell equation (2.28) is G-gauge-invariant only when the EM equation is
strictly on-shell. However, we may define the alternative equation
⋆ E˜I ≡ ⋆EI − 12gAJtJIM ⋆ EM , (2.30)
= −D ⋆ HI + 1√3CIJ˜K˜H J˜HK˜ + gkIx˜ ⋆Dϕx˜ , (2.31)
whose gauge transformation is
δΛ ⋆ E˜I = gΛJfJIK ⋆ E˜K + gΛJtJIM(12D ⋆ EM) . (2.32)
Therefore, the pair (E˜µI ,−12DνEνµM ) is a doublet of the G-symmetry group. When one deals with
solutions, which requires the vanishing of all equation of motion, one may freely choose between
the Maxwell equation (2.28) or the alternative equation (2.31). The use of Eq. (2.31) has the
advantage that the G-symmetry-covariance is kept manifest even off-shell. This property is
particularly useful for the analysis of the Killing Spinor Identities [23, 24], which we are going
to study in detail in section 3. In the KSIs one regards all the equations of motion as off-shell
expressions in order to determine which of them are really independent when they are evaluated
on supersymmetric configurations.
Eq. (2.29) can be considered as a massive selfduality condition for two-forms in five dimen-
sions [16] and, moreover, it is the integral of the Proca equation. To see this, consider for a
moment the Eq. (2.29) evaluated on vanishing v.e.v. for scalars and vectors,
dBM − 2gΩMN ⋆ BN = 0 , (2.33)
where we have assumed aI˜ J˜ = δI˜ J˜ . Operating this equation with ⋆d⋆ we get
⋆ d ⋆ dBM + [M2]MNBN = 0 , (2.34)
where
[M2]MN = −4g2ΩMPΩPN . (2.35)
Eq. (2.34) is the Proca equation for a two-form. As usual, this equation is equivalent to
d ⋆ BM = 0 and the Klein-Gordon equation (δMN∇2 + [M2]MN)BM = 0. Therefore the
eigenvalues ofM2 are the mass parameters for the tensor fields.
The supersymmetry transformation rules for the fermionic fields, evaluated on vanishing
fermions, are
δǫψ
i
µ = Dµǫ
i − 1
8
√
3
hI˜H
I˜ αβ (γµαβ − 4gµαγβ) ǫi + 1√6gPjiγµǫj , (2.36)
δǫλ
ix = 1
2
(
6Dφx − 1
2
hx
I˜
6H I˜ + gkx
)
ǫi +
√
2gP xj
iǫj , (2.37)
δǫζ
A = 1
2
( 6DqX + gkX) fXiAǫi (2.38)
and the supersymmetry transformation rules of the bosonic fields are
δǫe
a
µ =
i
2
ǫ¯iγ
aψiµ , (2.39)
8
δǫA
I
µ = ϑ
I
µ , (2.40)
δǫφ
x = i
2
ǫ¯iλ
x i , (2.41)
δǫB
M
µν = 2D[µϑ
M
ν] + 2
√
3igǫ¯iγ[µψ
i
ν]hNΩ
MN + igǫ¯iγµνλ
xihNxΩ
MN , (2.42)
δǫq
X = −iǫ¯iζAfiAX , (2.43)
where
ϑI˜µ = −
√
3
2
ihI˜ ǫ¯iψ
i
µ +
i
2
ǫ¯iγµλ
xihI˜x . (2.44)
Let us make a brief comment about pure gravity solutions. If we turn off vector and tensor
fields, AI = BM = 0, the scalar (2.26)-(2.27) and Maxwell equations (2.31) become respectively
∇2ϕx˜ − ∂x˜V = 0 , kIx˜∂µϕx˜ = 0 . (2.45)
The simplest solution to the last equation is ∂µφ
x = ∂µq
X = 0, which implies for the former
equation that the solution is a critical point of the potential, as expected for a pure gravity
solution. If the scalars fields are constant all the objects that belongs to the target manifold,
like hI , hIx, k
x˜
I and
~PI , are also constant as well as the scalar potential is (the cosmological
constant). We shall find this kind of configurations in section 4 as part of the supersymmetric
solutions.
3 Supersymmetric configurations and solutions
We follow the procedure of Refs. [9, 10], where the standard programme based on the spinor
bilinears was used to solve the KSEs combined with the computation of the KSIs in order to
determine the independent supersymmetric equation of motion. In these papers the super-
symmetric configurations and solutions of the ungauged/gauged N = 1, d = 5 Supergravity
coupled to vector- and hypermultiplets were characterized. Here we follow the same steps now
including tensor multiplets, writting only the main steps.
3.1 General results
3.1.1 Killing Spinor Equations and bilinears
The KSEs are
Dµǫ
i − 1
8
√
3
hI˜H
I˜ αβ (γµαβ − 4gµαγβ) ǫi + 1√6gPjiγµǫj = 0 , (3.1)
(
6Dφx + gkx − 1
2
hx
I˜
6H I˜
)
ǫi + 2
√
2gP xj
iǫj = 0 , (3.2)
( 6DqX + gkX) fXiAǫi = 0 . (3.3)
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By comparing with the theory without tensor multiplets, we see that there is a new term in
the gaugino KSE (3.2) proportional to the projection kx ∼ hIkxI . This projection automatically
vanishes if there are no tensor multiplets. When tensor multiplets are turned on, it can be
easily shown that
hIkxI = −2ΩMNhMhxN . (3.4)
The spinor bilinears that can be constructed from the Killing spinor are the scalar f , the vector
V and the three 2-forms Φr.
The corresponding differential equations for the bilinears are
df = 1√
3
hI˜iVH
I˜ , (3.5)
∇(µVν) = 0 , (3.6)
dV = − 2√
3
fhI˜H
I˜ − 1√
3
⋆ (hI˜H
I˜ ∧ V )− 2
√
2√
3
g ~P · ~Φ , (3.7)
Dα
~Φβγ = − 1√3hI˜H I˜ ρσ(gρ[β ⋆ ~Φγ]ασ − gρα ⋆ ~Φβγσ − 12gα[β ⋆ ~Φγ]ρσ)
+
√
2√
3
g
[
~P × (⋆~Φ)αβγ + 2gα[βVγ] ~P
]
, (3.8)
where
Dα
~Φβγ = ∇α~Φβγ + 2 ~Bα × ~Φβγ , (3.9)
and the algebraic ones are
V µDµϕ
x˜ = −gfkx˜ , (3.10)
fDµq
X + Φrµ
ν
Dνq
Y JrY
X = −gkXVµ , (3.11)
fDµφ
x − hx
I˜
H I˜ µνV
ν = −gkxVµ , (3.12)
~ΦµνD
νφx + 1
4
ǫµναβγh
x
I˜
H I˜ να~Φβγ = −2
√
2g ~P xVµ , (3.13)
hx
I˜
H I˜αβ
~Φαβ = 4
√
2gf ~P x . (3.14)
The differential equation for Φr (3.8) implies
dΦr + 2εrstBs ∧ Φt =
√
6gǫrstP s ⋆ Φt . (3.15)
Eq. (3.6) says that V is an isometry of the space-time metric. We fix partially the G-
symmetry using the condition
iVA
I +
√
3fhI = 0 . (3.16)
In this gauge, the scalars qX , φx and f are independent of the coordinate adapted to the
isometry V .
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3.1.2 Killing Spinor Identities
We use the Killing Spinor Identities (KSIs) [23, 24] as an easy way to determine which of the
equations of motion are independent once they are evaluated on supersymmetric configurations.
The KSIs are derived from the supersymmetry transformation rules of the bosons, which are
listed in Eqs. (2.39) - (2.43).
The main difference we found respect to Refs. [9, 10] is that, since now me have tensor
multiplets, each of them containing scalar, tensor and spinor fields, there are new KSIs that
arise as new components of the old KSIs that were obtained by taking derivatives respect to
λx. Moreover, the supersymmetry transformation rule of the tensor fields is a totally new rule,
hence the explicit form of the KSIs is modified by the presence of it.
The KSIs that we obtain from Eqs. (2.39) - (2.43) are[
Eµνγν +
√
3
2
(hI E˜Iµ − 12hMDνEMνµ)−
√
3
2
gΩMNhMENµνγν
]
ǫi = 0 , (3.17)
[
Ex − (hIxE˜µI − 12hMx DνEνµM )γµ − 12gΩMNhM x 6 EN
]
ǫi = 0 , (3.18)
fiA
XEXǫi = 0 . (3.19)
These are spinorial expressions. We may obtain the tensorial KSIs by contracting these equa-
tions with (σm)i
j ǫ¯j and (σ
m)i
j ǫ¯jγα, where σ
m = (1, ~σ). The tensorial KSIs are
EµνV ν +
√
3
2
(hI E˜Iµ − 12hMDνEMνµ)f −
√
3
2
gΩMNhMENµνV ν = 0 , (3.20)
Exf − (hIxE˜Iµ − 12hMx DνEMνµ)V µ = 0 , (3.21)
gΩMNhMxENµν~Φµν = 0 , (3.22)
EXf = 0 , (3.23)
Eµνf +
√
3
2
(hI E˜Iµ − 12hMDαEMαµ)Vν −
√
3
2
gΩMNhMENµνf = 0 , (3.24)
(Eµν −
√
3
2
gΩMNhMENµν)~Φνα = 0 , (3.25)
ExVµ − (hIxE˜Iµ − 12hMx DνEMνµ)f + gΩMNhMxENνµV ν = 0 , (3.26)
(hIxE˜Iµ − 12hMx DνEMνµ)~Φµα + 12gΩMNhMxENµν⋆~Φαµν = 0 , (3.27)
EXVµ = 0 . (3.28)
So far we have obtained the general equations and KSIs for the bilinears. To extract further
information from these equations it is necessary to study separately the time-like (f 6= 0) and
null (f = 0) cases.
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3.2 The timelike case
3.2.1 The equations for the bilinears
The metric can be written in the form:
ds2 = f 2 (dt+ ω)2 − f−1hmndxmdxn , V = ∂t (3.29)
with ω and hmn independent of time, as well as f and ϕ
x˜ due to our partial G-gauge fixing
(3.16).
The splitting of the gauge potential is
AI = −
√
3hIe0 + AˆI , (3.30)
where e0 = f(dt + ω). The supersymmetric expression for H I˜ = (F I , BM), obtained from the
equations for the bilinears, is
H I˜ = −
√
3 Dˆ(hI˜e0) + Hˆ I˜ , (3.31)
where Dˆ is the 4-dimensional spatial covariant derivative with respect to AˆI , Hˆ I˜ = (Fˆ I , BˆM),
Fˆ I is the field strength of AˆI and BˆM are spatial two-forms. The magnetic component of these
fields are subject to
hI˜Hˆ
I˜(+) = 2√
3
f(dω)(+) , (3.32)
Hˆ I˜(−) = −2gf−1C I˜J˜KhJ˜ ~PK · ~Φ . (3.33)
These equations should be regarded as conditions on AˆI instead of Fˆ I , otherwise we were
forced to impose the corresponding Bianchi identity. The other point of view, however, could
be fruitful in the ungauged case in which the gauge potential is not needed explicitly to build
supersymmetric configurations.
Since there are not couplings between hyperscalars and tensor fields, the differential equation
for the hyperscalars is of the same form of the case without tensor fields8
Dˆmq
X = Φrm
n
Dˆnq
Y JrY
X . (3.34)
The projection of Eq. (3.15) along V says that they are time-independent in the gauge
(3.16). The spatial components of the Eq. (3.8) give9
Dˆm
~Φnp = 0 . (3.35)
We can solve this equation for ξ(−) in an arbitrary frame and SU(2) gauge:
ξ(−)mnp = − ~ˆBm · ~Φnp − 14∂m~Φnq · ~Φqp , (3.36)
This equation expresses the embedding of the SU(2) connection ~ˆB into the anti-self-dual part
of the spin connection of the base manifold. Note that the explicit form of this equation is not
8From now on spatial flat indices refer to the 4-dimensional spatial metric hmn.
9We have introduced the spatial connection ~ˆB = dˆqX~ωX +
1
2
gAˆI ~PI .
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affected by the presence of tensor fields, see Ref. [10]. However, we can not conclude that the
class of supersymmetric spatial manifolds is the same with or without tensor fields because we
have not analyzed the equation of motion yet.
Alternatively, the above condition can be expressed in terms of curvature tensors. This is
achieved by studying the integrability condition of Eq. (3.35). The results for the anti-selfdual
part of the Riemann tensor, the Ricci tensor and the scalar curvature are
Rˆ(−)mnkl = 14Dˆmq
X
Dˆnq
Y ~JXY · ~Φkl − 12gFˆ Imn ~PI · ~Φkl , (3.37)
Rˆmn = −12DˆmqXDˆnqY gXY + 2g2f−1C I˜JKhI˜ ~PJ · ~PKδmn + gFˆ I(+)mp~Φpn · ~PI , (3.38)
Rˆ = −1
2
Dˆmq
X
Dˆmq
Y gXY + 8g
2f−1C I˜JKhI˜ ~PJ · ~PK . (3.39)
Previous results on supersymmetric configurations can be deduced as limiting cases of the
above relations for the spatial metric hmn. For example, by sending the coupling constant g to
zero we recover the spatial curvature for supersymmetric configurations of the ungauged theory
[9]
Rˆ(−)mnkl = 14 ∂ˆmq
X ∂ˆnq
Y ~JXY · ~Φkl , Rˆmn(h) = −12 ∂ˆmqX ∂ˆnqY gXY . (3.40)
If we also turn off the hyperscalars the resulting spatial manifold is Ricci-flat and Eq. (3.35)
becomes ∇ˆm~Φnp = 0. Therefore ~Φmn is a triplet of integrable complex structures with imaginary
unit quaternion algebra. This corresponds to a hyperKa¨hler manifold, as was found in Ref. [3].
Other known limit is the gauged theory without tensor and hypermultiplets. We recall that
in this case momentum maps are constant, which take the form ~PI = ~e ξI for the case of the
G-group that includes U(1) factors. For these models the Eq. (3.35) becomes
∇ˆm~Φnp + gAˆImξI~e× ~Φnp = 0 . (3.41)
From this equation it is clear that the tensor ~e · ~Φ represents an integrable complex structure.
Therefore the base spatial manifold is Ka¨hler, as was found in Refs. [4, 5].
3.2.2 Solving the Killing spinor equations
The necessary conditions for having unbroken supersymmetry that we have derived in the
previous section are also sufficient. Indeed, it can be shown that the δǫψ
i
µ, δǫλ
xi and δǫζ
A
equations are solved by the configurations as we have them, in an arbitrary frame and SU(2)
gauge, by the Killing spinor
ǫi(x, x0) =
√
fP exp

− 1
16
x∫
x0
dxm1 ∂m 6Φj i(x1)

 ǫj0 , (3.42)
where ǫj0 is a constant spinor. These spinors are subject to the projections
~Π+j
iǫj = 0 , R−ǫi = 0 , (3.43)
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where
R± ≡ 1
2
(
1± γ0) , Πr±j i ≡ 12 ( δ ± i4 6Φ(r)σ(r))j i . (3.44)
In a frame and SU(2) gauge where ~Φ is constant, the Killing spinor is just ǫi =
√
fǫi0.
The supersymmetric configurations preserve in general 1/8 of the supersymmetries. These
projections are to be imposed for general supersymmetric configurations. There could be,
however, special configurations for which some or all of these projections are not needed, hence
preserving a big fraction of supersymmetry.
3.2.3 Supersymmetric solutions
In the time-like case we find that the independent KSIs (written in the flat five-dimensional
frame) are
EX = 0 , (3.45)
Eab = −
√
3
2
δ0(a|(h
I E˜I|b) − 12hMDcEMc|b)) , (3.46)
Ex = hIxE˜I0 − 12hMx DaEMa0 , (3.47)
hI E˜Im = 12hMDaEMam − 2gΩMNhMEN0m , (3.48)
hIxE˜Im = 12hMx DaEMam + gΩMNhMxEN0m , (3.49)
gΩMNhMENmn = 0 , (3.50)
gΩMNhMxENmn~Φmn = 0 . (3.51)
Eq. (3.45) says that all the supersymmetric configurations automatically solve the equation
of motion of the hyperscalars. Eqs. (3.46) and (3.47) imply that if the E˜I and EM equations
are satisfied, then the Einstein and Ex equations are also satisfied. Conditions (3.48) and
(3.49) imply that the space-like components of the equations E˜I are satisfied if the tensor
equation is solved. Finally, Eqs. (3.50) and (3.51) say that the anti-self-dual part of the space-
like components of the tensor equation, Emn(−)M , vanishes automatically for supersymmetric
configurations. Therefore, in the timelike case, the necessary and sufficient condition for a
supersymmetric configuration be also a solution of the theory is that it must solve the time-like
component of the vector equation E˜I and the E0mM and Emn(+)M components of the tensor equation
of motion.
The time-like components of the Maxwell and EM equations evaluated on supersymmetric
configurations yield
− 1√
3
f−2E˜0I = Dˆ2(hI/f)− 112CIJ˜K˜ǫmnpqHˆ J˜mnHˆK˜pq + 1√3g[~PI · ~Φmn(dω)(−)mn + gf−2kx˜kIx˜] ,
(3.52)
14
f−1E0mM vm = g−1ΩMN ⋆ˆDˆBˆN + 2
√
3Dˆ(hM/f) . (3.53)
It can be checked by direct computations that the space-like components of the tensor equation
vanish automatically for supersymmetric configurations. From the analysis of the KSIs we were
aware of the vanishing of Emn(−)M .
The Bianchi identity for the field strength F I holds automatically since we assume that we
are always dealing with the gauge potential AI explicitly.
We summarize our results on supersymmetric solutions in the time-like case. The objects
that have to be chosen are a scalar function f , a 4-dimensional Riemannian manifold with
metric hmn together with an almost quaternion structure ~Φmn, a 1-form ωm, nV + nT scalars
mappings φx to MV S, 4nH hyperscalar mappings qX to MQK, a gauge potential AˆIm and nT
two-forms BˆM . All these variables are spatial objects and are independent of time. They have
to satisfy the following equations in order to get a configuration with preserved supersymmetry:
ξ(−)mnp = −(∂ˆmqX~ωX + 12gAˆIm ~PI) · ~Φnp , (3.54)
Dˆmq
X = Φrm
n
Dˆnq
Y JrY
X , (3.55)
hI˜Hˆ
I˜(+) = 2√
3
f(dω)(+) , (3.56)
Hˆ I˜(−) = −2gf−1C I˜ J˜KhJ˜ ~PK · ~Φ , (3.57)
where we have formulated these conditions in a frame in which ~Φ is constant. In addition they
have to satisfy the following equation of motion in order to be a solution of the theory:
Dˆ
2(hI/f)− 112CIJ˜K˜ǫmnpqHˆ J˜mnHˆK˜pq + 1√3g[~PI · ~Φmn(dω)(−)mn + gf−2kx˜kIx˜] = 0 , (3.58)
DˆBˆM + 2
√
3gΩMN ⋆ˆDˆ(hN/f) = 0 . (3.59)
The supersymmetric space-time metric, vector and tensor fields are determined in terms of
these variables by
ds2 = f 2(dt+ ω)2 − f−1hmndxmdxn , (3.60)
AI = −
√
3hIe0 + AˆI , (3.61)
H I˜ = −
√
3 Dˆ(hI˜e0) + Hˆ I˜ , (3.62)
where e0 = f(dt+ ω).
3.3 The null case
3.3.1 The equations for the bilinears
The five-dimensional metric can be put in the form
ds2 = 2fdu(dv +Hdu+ ω)− f−2γrsdxrdxs , lµdxµ = fdu , lµ∂µ = ∂v , (3.63)
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lµ is a null Killing vector, r, s, t = 1, 2, 3, denote part of the spatial directions which we call the
transverse directions. The objects defining this metric may depend on u but not on v. Now
with the partial gauge fixing (3.16) we have AIv = 0 and also the scalars field are v-independent.
By a rotation of the dreibeins preserving the orientation10 we can bring ~Φ to the form
Φr = −du ∧ vr . (3.64)
The splitting of the gauge potential is
AI = AIudu+ Aˆ
I , (3.65)
where Aˆ is a spatial one-form.
Eq. (3.15) becomes
du ∧
[
dvr −
(
2εrstBˆt +
√
6gf−1P svr
)
∧ vs
]
= 0 . (3.66)
From this equation we may solve the transverse spin connection
̟rs = 2εrstBˆt − 2
√
6gf−1P [rvs] . (3.67)
The differential equation for the hyperscalars is11
Dˆrq
XJrX
Y = −gf−1kY . (3.68)
The vector/tensor fields are determined from Eqs. (3.5), (3.7), (3.8), (3.12), (3.13) and
(3.14). Eqs. (3.5) and (3.12) lead to
H I˜+− = gk
xhI˜x , H
I˜
r− = 0 . (3.69)
The first of these equations is equivalent to
F I+− = 0 , B
M
+− = 2
√
3gΩMNhN , (3.70)
where we have made use of the identity (3.4) and the closure property of {hI˜ , hI˜x}. The vanishing
of the component F I+−, and consequently the vanishing of the component F
I
uv, is consistent with
our gauge fixing Av = 0 and the expected v-independence of the supersymmetric configurations.
Eq. (3.14) is automatically solved by (3.69). Therefore, the supersymmetric vector/tensor fields
have the general form
H I˜ = H I˜+−e
+e− +H I˜+re+er + Hˆ I˜ , (3.71)
where H I˜+− = δ
I˜
M(2
√
3gΩMNhN ) and Hˆ
I˜ are two-forms living in the transverse space,
Hˆ I˜ = 1
2
Hˆ I˜rsdx
rdxs ≡ 1
2
Hˆ I˜rsv
rvs . (3.72)
10We use ǫ+−123 = ǫ+−123 = +1. The minus sign in the expression of Φ
r is needed for the consistency of the
equations for the bilinears.
11The covariant derivative Dˆ includes the transverse gauge connection AˆI .
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The transverse components Hˆ I˜ can be straightforwardly determined following the same steps
done in Ref. [10] to determine Fˆ I . The result is
Hˆ I˜ =
√
3 ⋆ˆ(DˆK I˜ − 2√
3
gf−2Pˆ I˜) , (3.73)
where K I˜ ≡ hI˜/f and Pˆ I˜ ≡ aI˜J PˆJ ≡ aI˜JP rJvr. Similarly to the time-like case, we interpret this
equation as a condition for AˆI rather than Fˆ I , hence we do not impose the Bianchi identity on
the r.h.s. The components hI˜H
I˜
+r are determined from the + + r components of Eq. (3.8),
hI˜H
I˜
+r = − 1√3f 2(⋆ˆdˆω)r , (3.74)
where we have assumed that
Bru +
1
4
ǫrstvs
s∂uvts = 0 , (3.75)
which is nothing but a partial gauge fixing condition that affects the freedom to rotate the
dreibeins. This condition basically fixes the u-dependence of the dreibeins. We can solve the
one-form ω in terms of the vector and tensor fields from the equation (3.74),
dˆω =
√
3f−2 ⋆ˆ(hIDˆAIu − hM bˆM − hI∂uAˆI) , (3.76)
where we have defined the transverse one-forms bˆM ≡ BM+rvr. This equation fixes ω up to an
arbitrary gradient. Therefore, the supersymmetric vector/tensor fields must take the form
F I = (DˆAIu − ∂uAˆI) ∧ du+ Fˆ I , (3.77)
BM = 2
√
3gfΩMNhNdu ∧ (dv + ω)− bˆM ∧ du+ BˆM , (3.78)
where Fˆ I and BˆM are given in Eq. (3.73).
3.3.2 Solving the Killing spinor equations
After use of all the information extracted from the equations for the bilinears, we conclude that
the KSEs are solved by constant spinors subject to the projections
γ+ǫi = 0 , Πr(+)i
jǫi = 0 , (3.79)
where
Πr(±)ij ≡ 12(δij ± iγ(r)σ(r)ij) . (3.80)
These configurations preserve 1/8 of the supersymmetries.
3.3.3 Equations of motion
In the null case the independent KSIs are
EX = 0 , Ers = 0 , (3.81)
Ex = gΩMNhMxEN+− , (3.82)
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Er+ =
√
3
2
gΩMNhMENr+ , Ea− =
√
3
2
gΩMNhMENa− , (3.83)
hI E˜Ia = 12hMDbEMba , hIxE˜I− = 12hMx DbEMb− , (3.84)
hIxE˜Ir = 12hMx DbEMbr + 12gΩMNhMxENstǫrst , (3.85)
gΩMNhMENrs = 0 , gΩMNhMxENr− = 0 . (3.86)
Let us analyze this system. EX is automatically on-shell for supersymmetric configurations,
as well as the transverse components Ers of the Einstein equations. If the tensor equation of
motion is satisfied, Eqs. (3.82) and (3.83) imply that the Ex, Ea− and Er+ equations are also
satisfied, whereas Eqs. (3.84)-(3.85) imply that the components E˜I− and E˜Ir of the Maxwell
equations are satisfied. Finally, Eqs. (3.86) say that some projections of the tensor equation
of motion are automatically on-shell for supersymmetric configurations. Therefore, in the null
case, the independent equations of motion for supersymmetric configurations are E++, E˜I+ and
the tensor equation of motion, EM .
The ⋆EMrst and ⋆EMurs components yield respectively
Dˆ⋆ˆDˆKM − 2√
3
gDˆ⋆ˆ(f−2PˆM) = −4
√
3g2ΩMNMNvol3 , (3.87)
DˆbˆM −DuBˆM +
√
3gK I˜ ⋆ˆ
[
2t(I˜J)
M(∂uAˆ
J − DˆAJu) + tI˜NM bˆN
]
= 0 , (3.88)
where
MI˜ ≡ f−3t(I˜ J˜)MhMhJ˜ , (3.89)
and vol3 is the volume element of the three-dimensional transverse space. The rest of the
components of the EM vanish automatically.
The E˜I+ component of the Maxwell equations (2.31) yields
f−2EI+vol3 = 2CIJ˜K
[
Dˆ⋆ˆ(K J˜DˆAKu)− Dˆ⋆ˆ(K J˜∂uAˆK) + 1√3Hˆ J˜ ∧ (DˆAKu − ∂uAˆK)
]
−2CIJ˜M
[
Dˆ⋆ˆ(K J˜ bˆM) + 1√
3
Hˆ J˜ ∧ bˆM
]
+ 2gPˆI ∧ dˆω + gf−3kI x˜Duϕx˜vol3 + 6gDu⋆ˆMI .
(3.90)
This equation is G-symmetry invariant, in particular, under u-dependent transformations. This
fact can be used to partially fix the G-gauge by imposing
CIJ˜K
[
Dˆ⋆ˆ(K J˜∂uAˆ
K) + 1√
3
Hˆ J˜ ∧ ∂uAˆK
]
− 1
2
gf−3kIx˜ϕ˙
x˜vol3 − 3g∂u⋆ˆMI = 0 , (3.91)
such that the Eq. (3.90) becomes
f−2EI+vol3 = 2CIJ˜K
[
Dˆ⋆ˆ(K J˜DˆAKu) +
1√
3
Hˆ J˜ ∧ DˆAKu
]
− 2CIJ˜M
[
Dˆ⋆ˆ(K J˜ bˆM) + 1√
3
Hˆ J˜ ∧ bˆM
]
+2gPˆI ∧ dˆω + g2AJu(f−3kJ x˜kI x˜ − 6tJIK˜MK˜)vol3 ,
(3.92)
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which is still covariant under u-independent G-symmetry transformations. In absence of tensor
fields the term
CIJK
[
Dˆ⋆ˆ(KJDˆAKu) + DˆK
J ∧ ⋆ˆDˆAKu
]
(3.93)
can be expressed in terms of G-covariant Laplacians of KI and CIJKK
JAKu . In presence of
tensor fields, however, this term is no longer covariant, hence we cannot write it in terms of
covariant Laplacians. This obstruction is a consequence of the fact that tensor fields, which are
the G-symmetry partners of vector fields, are not derived from any gauge potentials.
Now we turn our attention to the E++ component of the Einstein equation. There is a gauge
freedom in the expression (3.76) for the one-form ω, which we use to impose a condition on ω:
∇r(ω˙)r + 3(ω˙)r∂r log f =
−1
2
f−3(γ¨)rr − 14f−3(γ˙)2 + 32f−4f˙(γ˙)rr + 3f−3[∂2u log f − 2(∂u log f)2]
−1
2
f−3
[
gx˜y˜(ϕ˙
x˜ϕ˙y˜ + 2gϕ˙x˜AIukI
y˜)
]
+CI˜JKK
I˜
[
(∂uAˆ
J)r(∂uAˆ
K)r − 2DˆrAJu(∂uAˆK)r
]
+ 2CI˜JMK
I˜(∂uAˆ
J )rbˆ
M
r .
(3.94)
The E++ component of the Einstein equations becomes
−f−1E++ = ∇ˆ2H + CI˜JKK I˜DˆrAJuDˆrAKu − 2CI˜JMK I˜ bˆMrDˆrAJu + CI˜MN bˆMrbˆNr
−1
2
g2f−3AIuAJugx˜y˜kI x˜kJ y˜
(3.95)
Let us summarize the results of the null case. The objects that have to be chosen are two
functions f andH , a 3-dimensional transverse metric γrs together with a Driebein basis v
r for it,
nV + nT scalar mappings φ
x toMV S, 4nH hyperscalar mappings qX toMQK, the components
AˆI and AIu of the gauge connection A
I and nT transverse one-forms bˆ
M . All these variables
may depend on u but must be v-independent. They must satisfy the following equations for
preserved supersymmetry:
̟rs = 2εrst(dˆqXωtX +
1
2
gAˆIP tI )− 2
√
6gf−1P [rvs] , (3.96)
Dˆrq
XJrX
Y = −gf−1kY , (3.97)
Fˆ I =
√
3 ⋆ˆ(DˆKI − 2√
3
gf−2Pˆ I) , (3.98)
where K I˜ = hI˜/f . The equations of motion to be imposed are
Dˆ⋆ˆDˆKM − 2√
3
gDˆ(⋆ˆf−2PˆM) = −4
√
3g2ΩMNMNvol3 , (3.99)
DˆbˆM −DuBˆM +
√
3gK I˜ ⋆ˆ
[
2t(I˜J)
M(∂uAˆ
J − DˆAJu) + tI˜NM bˆN
]
= 0 , (3.100)
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CIJ˜K
[
Dˆ⋆ˆ(K J˜DˆAKu) +
1√
3
Hˆ J˜ ∧ DˆAKu
]
− CIJ˜M
[
Dˆ⋆ˆ(K J˜ bˆM ) + 1√
3
Hˆ J˜ ∧ bˆM
]
+gPˆI ∧ dˆω + 12g2AJu(f−3kJ x˜kI x˜ − 6tJIK˜MK˜)vol3 = 0 ,
(3.101)
∇ˆ2H + CI˜JKK I˜DˆrAJuDˆrAKu − 2CI˜JMK I˜ bˆMrDˆrAJu + CI˜MN bˆMrbˆNr
−1
2
g2f−3AIuA
J
ugx˜y˜kI
x˜kJ
y˜ = 0 .
(3.102)
where MI˜ = f
−3t(I˜ J˜)
MhMh
J˜ and BˆM and dˆω are going to be indicated below. In addition, for
u-dependent configurations the partial gauge fixings (3.75), (3.91) and (3.94) must be imposed.
The supersymmetric space-time metric, vector and tensor fields are determined in terms of
these variables by
ds2 = 2fdu(dv +Hdu+ ω)− f−2γrsdxrdxs , (3.103)
dˆω =
√
3f−2 ⋆ˆ(hIDˆAIu − hM bˆM − hI∂uAˆI) , (3.104)
AI = AIudu+ Aˆ
I , (3.105)
F I = (DˆAIu − ∂uAˆI) ∧ du+ Fˆ I , (3.106)
BM = 2
√
3gfΩMNhNdu ∧ (dv + ω)− bˆM ∧ du+ BˆM , (3.107)
BˆM =
√
3 ⋆ˆ(DˆKM − 2√
3
gf−2PˆM) . (3.108)
4 Scalar-gravity solutions
Having performed the characterization of general supersymmetric solutions, we analyze now
these conditions for the case of solutions with vanishing vector and tensor fields and constant
v.e.v for the hyperscalars. Thus these are configurations with only the scalars φx and the metric
gµν as the non-trivial fields. This study is illustrative since for this kind of configurations several
of the conditions for supersymmetric solutions can be solved in a closed way. Moreover, one
can go to the limit of pure gravity, which may facilitate future studies of vacuum solution with
sources. Also the analysis could be very useful to define appropriated frameworks to search
asymptotically vacuum solutions, as domain walls. A similar analysis has been done in Ref. [6]
for the null case of the theory without tensor- and hypermultiplets.
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4.1 Time-like case
We consider the vanishing of vector and tensor fields and also qX = constant. The objects
belonging toMQK, such as gXY , kXI and ~PI , are constants subject to the several constraints of
the theory.
In the time-like case it is not convenient to put directly AI = 0 but instead to work in a
different gauge which also leads to F I = 0. Indeed, if H I˜ = 0 the Eq. (3.62) implies
Dˆ(fhI˜) = 0 ⇒ Dˆ(hI˜/f) = 0 , (4.1)
Hˆ I˜ =
√
3fhI˜dω . (4.2)
In view of the expression for Fˆ I˜ given in Eqs. (4.2) we choose the gauge
AˆI =
√
3fhIω . (4.3)
In this gauge the first of Eqs. (4.1) becomes
d(fhI˜) = 2gδI˜MΩ
MNhNf
2ω , (4.4)
and one effectively recovers the expression for Fˆ I given in Eq. (4.2). By projecting the equation
(4.4) to hI˜ and h
x
I˜
we convert it into two equations
df = 0 , (4.5)
dφx = −gfkxω , (4.6)
where we have made use of the identity (3.4). From now on we put f = 1 for simplicity. Notice
that Eq. (4.4) implies that the components hI are constant, thus in the gauge (4.3) the 5d
potentials are constant (unphysical) electrostatic potentials, AI = −√3hIdt.
If we contrast the expression (4.2) for Hˆ I˜ with Eq. (3.56) we obtain that Hˆ I˜(+) = (dω)(+) = 0.
If we now compare with Eq. (3.57) we obtain
hI˜dω = − 2√
3
gC I˜J˜KhJ˜
~PK · ~Φ , (4.7)
which can be splitted by projecting out to hI˜ and hI˜x. This yields
dω = −2
√
2√
3
g ~P · ~Φ , (4.8)
~Px = 0 . (4.9)
We see that in the time-like case there are not supersymmetric scalar-gravity solutions with
non-vanishing ~Px contribution to the potential. We also remark that ~P ∼ hI ~PI is constant for
this kind of configurations.
Now we examine the Maxwell equation (3.58). The first term vanish due to Eq. (4.1). Using
the expressions we have obtained for Hˆ I˜ and dω and the fact that ~Px = 0, it is straightforward
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to see that the second and third terms of the Maxwell equation (3.58) cancel out mutually.
Thus the Maxwell equation yields (gauged case) kx˜kIx˜ = 0. Projecting this equation to h
I we
obtain
gx˜y˜k
x˜ky˜ = 0 . (4.10)
Since it is assumed that the metric of MV S is Riemannian, we conclude that kx˜ = 0. Putting
this result back into Eq. (4.6) we obtain that the supersymmetric scalar fields φx are necessarily
constant. Consequently, all objects belonging to the targetMV S and its ambient manifold like
hI , hIx and gxy become constant. Since we have ended up with constant v.e.v. for all the
scalar fields and vector/tensor fields vanish, this class of solutions must be critical point of
the scalar potential V, as was mentioned at the end of section 2. From the point of view of
the Einstein equations, these configurations are solutions of the vacuum equations (vanishing
energy-momentum tensor) with or without cosmological constant.
It is easy to see that the tensor Eq. (3.59) and the Eq. (3.55) for the hyperscalars are
automatically solved by the scalar-gravity configurations as we have them.
The form of the five-dimensional metric depends on the triviality of ω, which in turn depends
on the vanishing or not of the constant ~P . Hence we consider the two cases separately.
Case 1: ~P = 0
In this case Eq. (4.8) says that ω is a closed one-form, hence it can be removed from the
5d metric by a coordinate transformation. Thus we set ω = 0 for this class of configurations.
According to Eqs. (4.2) and (4.3), AˆI and BˆM vanish.
The last condition for preserved supersymmetry is the Eq. (3.54) for the spatial spin con-
nection. In the Case 1 this equation yields that the spin connection is self-dual, ξ
(−)
mn = 0, which
correspond to a spatial hyperKa¨hler manifold (SU(2) holonomy). The three complex structures
are precisely given by ~Φ, Eq. (3.35) establishing their integrability, ∇m~Φnp = 0.
In summary, the configurations in this case are
ds2 = dt2 − hmndxmdxn , φx = constant (4.11)
where hmn is an arbitrary four-dimensional hyperka¨hler metric. The v.e.v. for the scalars and
the hyperscalars are restricted by the conditions ~PI = k
x˜ = 0. The simplest five-dimensional
solution of this kind, given by hmn = δmn, is Minkowski space-time.
The vanishing of ~P , ~Px and k
x˜ implies that these configurations have a zero scalar potential.
Since the scalar potential is quadratic in these quantities, obviously this class of solutions are
critical points of it.
Case 2: ~P 6= 0
Now in this class of solutions the one-form ω given in Eq. (4.8) is non-trivial, and also the
variables AˆI do not vanish, as well as the two-forms Fˆ I and BˆM .
From Eq. (4.8) we see that the non-vanishing two-form Ω ≡ ~eP · ~Φ, where ~eP is the unit
vector along ~P , is a closed form. From the properties of ~Φ it is clear that ~eP · ~Φmn represents an
integrable complex structure, thus we have that hmn is a Ka¨hler metric. This Ka¨hler metric is
not arbitrary, it must satisfy the condition (3.54) on its spin connection, which takes the form
ξ(−)mnp = −
√
3√
2
gPωmΩnp . (4.12)
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The five-dimensional supersymmetric metric is
ds2 = (dt+ ω)2 − hmndxmdxn , (4.13)
where ω and the Ka¨hler metric are subject to (4.8) and (4.12). The former states that ω is a
local potential for the Ka¨hler form. In this case the v.e.v. for the scalars are restricted by the
conditions ~PI 6= 0, ~Px = kx˜ = 0.
For this class of configurations the scalar potential takes the value
V = 8gP 2 > 0 . (4.14)
To determine the value of its derivatives, take into account that, first, the terms proportional
to P 2x and k
2 yields a vanishing first derivative once evaluated on the configurations. The
derivatives of the P 2 term w.r.t. φx also vanish trivially. Finally, taking derivatives of the P 2
term w.r.t. qX we obtain
∂XP
2 = 1√
2
hI ~P · ∂X ~PI = 1√2hI ~P · (−12 ~JXY kYI − 2~ωX × ~PI) = 0 , (4.15)
where we have used the standard formula for the derivative of a momentum map and the last
equality follows after evaluating on the scalar-gravity configurations. As we expected, this class
of supersymmetric solutions are critical points of the potential and this is positive (negative
cosmological constant).
4.2 Null case
Again we consider constant values for the hyperscalars and the vanishing of vector and tensor
fields, but now we work directly in the gauge AI = 0, thus we set
AˆI = AIu = 0 . (4.16)
We also assume that the configurations are u-independent.
Since F I and BM are vanishing, we deduce from Eqs. (3.98), (3.107) and (3.108) that
bˆM = 0, hM = 0 and
dˆ(hI˜/f)− 2√
3
gf−2Pˆ I˜ = 0 , (4.17)
which is equivalent to
dˆ(fhI) +
2√
3
gPˆI = 0 . (4.18)
Projecting this equation to hI˜ yields
dˆf + 2
√
2√
3
gP rvr = 0 . (4.19)
The condition (3.96) for the spin connection becomes
̟rs = −2
√
6gf−1P [rvs] . (4.20)
By combining this equation with the Cartan’s structure equation and Eq. (4.19) it can be shown
that
dˆ(f−3/2vr) = 0 . (4.21)
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Thus the transverse one forms f−3/2vr are locally exact one-forms, f−3/2vr = dˆyr, for some
functions yr. If we take yr = δrry
r as the transverse coordinates, then the transverse metric
acquires a diagonal form,
γrs = f
3δrs , (4.22)
and the Eq. (4.18) takes the form
f−3/2∂r(fhI) = − 2√3gP
r
I . (4.23)
The last condition for preserved supersymmetry is the Eq. (3.97), from it we obtain kX = 0.
From the indentity (3.4) we also see that hM = 0 implies k
x = 0, thus again we have the
vanishing of kx˜.
Putting these results in Eq. (3.104) we obtain dˆω = 0, which, together with the u-independence,
implies that the one-form ω can be removed from the metric (3.103) by a coordinate transfor-
mation.
Now we analyze the supersymmetric equations of motion. It is easy to see that any scalar-
gravity configuration that satisfies the conditions we have found automatically solves the super-
symmetric equations of motion (3.99), (3.100) and (3.101). The Einstein Eq. (3.102) becomes
into a harmonicity condition for the scalar H ,
∇ˆ2H = 0 . (4.24)
Summarizing what we have obtained so far, the five-dimensional metric takes the form
ds2 = f [2du(dv +Hdu)− dyrdyr] , (4.25)
where H is harmonic respect to the metric f 3δrs and the scalars f and φ
x and the v.e.v. of
qX are subject to hM = k
X = 0 and Eq. (4.23). Concrete solutions of this equations depend
on the value of the constant momentum map ~PI . In any case, we see that, in contrast to the
time-like case, in the null case scalar-gravity supersymmetric solutions can have non constant
scalars fields φx. The presence of the harmonic function H suggests the coupling to external
sources.
We may further refine the characterization for the case of constant scalar fields φx. As we
have already mentioned, this kind of solutions must be critical points of the scalar potential.
If ∂rφ
x = 0 the Eq. (4.23) takes the form
hI∂rf
−1/2 = 1√
3
gP rI , (4.26)
and its projection to hI yields
∂rf
−1/2 =
√
2√
3
gP r . (4.27)
This can be easily integrated,
f−1/2 =
√
2√
3
gP ryr + c , (4.28)
where c is a integration constant. On the other hand, the projection of Eq. (4.26) to hI˜x yields
~Px = 0. Thus we see that the scalar potential receive only the P
2 contribution. Following
the analysis done in the time-like case, it is easy to see that the first derivatives of the scalar
potential vanish.
The presence of the function f , whose expression (4.28) depends on ~P , affects the space-time
geometry. We may extract further information if we consider two cases separately:
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Case 1: ~P = 0
In this case (or in the ungauged limit) the function f becomes constant and it can be absorbed
by coordinate rescalings. Thus the metric is
ds2 = 2du(dv +Hdu)− dyrdyr , ∂r∂rH = 0 . (4.29)
If H = 0 we arrive at 5d Minkowski space-time, as we expected since for ~P = 0 the scalar
potential vanishes.
Case 2: ~P 6= 0
We perform a further coordinate transformation: pick up two constant, unit SU(2) vectors
~e i in such a way that (~e i, ~eP ) be an orthonormal triad. We define the coordinate system (z
i, w)
by
zi = eiryr , w = erPy
r +
√
χc , χ ≡ 3
2
(gP )−2 , (4.30)
such that f = χw−2 and dyrdyr = dzidzi + dw2. The five-dimensional metric takes the form
ds2 =
χ
w2
[2du(dv +Hdu)− dzidzi − dw2] , (4.31)
∂i∂iH + (w
−3H ′)′ = 0 , (4.32)
where the prime stand for the derivative w.r.t w. It is evident that if H = 0 this metric is
AdS5, which is the natural solution since the scalar potential with its sole P
2 term yields a
negative cosmological constant.
5 Solutions in SO(4, 1)/SO(4)
As we mentioned in the Introduction, in Ref. [13] an exact supersymmetric solution ofN = (1, 0)
gauged six dimensional supergravity was found. The solution is a dyonic string with active hy-
perscalars. In the model used the hyperscalars take values in the SO(4, 1)/SO(4) manifold and
the G-gauge group is SU(2). The model also has one tensor field, being the magnetic/electric
charges of the dyonic string defined in terms of it. Using the same SO(4, 1)/SO(4) target,
two supersymmetric solutions of the ungauged five-dimensional theory coupled to vector- and
hypermultiplets were found in Ref. [9]. These solutions have a point-like naked singularity. In
general, the supersymmetric solutions of the 6d and 5d theories, the former classified in Ref. [13],
have in common that the condition (3.55) has the same structure in both cases12. These results
are encouraging to look for more 5d supersymmetric solutions in the SO(4, 1)/SO(4) model for
the hyperscalars, now within the frame of supersymmetric solutions of the gauged theory with
general matter couplings, whose characterization we have performed in section 3.
It must be pointed out that the active tensor field of the solution found in Ref. [13] is a
gauge or massless tensor field, that is, it appears in the Lagrangian only through its exterior
derivative G = dB(6) + · · ·. Indeed, this tensor field is the combination of two self/anti-selfdual
ones that satisfy the usual massless duality relations in 6d, ⋆6G
± ∼ ±G±. This 6d tensor field
should not be compared with the tensor fields of the five-dimensional theory we have used in
this paper because the latter are, as we have already pointed out, massive fields.
12In 6d all the supersymmetric solutions fall in the null class. The corresponding transverse space is four-
dimensional and can be compared with the base spatial manifold of the time-like class in the 5d theory.
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5.1 The model
We start by defining the geometry of the SO(4, 1)/SO(4) manifold and the directions for the
gauging. Some preliminaries we need have been already shown in Ref. [9], we rewrite them
here in order to get a self-contained discussion. We use underlined indices, X = 1, 2, 3, 4, as
curved indices in SO(4, 1)/SO(4) and non underlined indices X as flat indices. Therefore the
coordinates of this manifold are denoted by qX . The metric is
gXY = Λ
2δXY , Λ(q
2) =
2
√
2
1− qXqX . (5.1)
It can be checked that this metric is Einstein, and since it is also conformally flat, it is trivially
selfdual. Therefore this metric is a four-dimensional quaternionic-Ka¨hler manifold13. A vierbein
for this metric is
EX = ΛδXY dq
Y , EX = Λ
−1δXY
∂
∂qY
. (5.2)
The anti-selfdual part of the spin connection is
Ω(−)XY =
1√
2
(
q[XEY ] − 1
2
ǫXYWZqWEZ
)
, (5.3)
where qX ≡ δXY qY . In both the coordinate and the Vierbein basis the three complex structures
are given by the ’t Hooft symbols,
JrX
Y = δX
WJrW
ZδZ
Y = ρrXY (5.4)
which are real, constant and anti-selfdual matrices in theX, Y indices. This leads us to establish
a simple relation between Ω(−)XY and the SU(2) connection ~ωX ,
Ω
(−)
XY
Z = −~ωX · ~JY Z . (5.5)
The group of isometries of SO(4, 1)/SO(4) is SO(4). The corresponding Killing vectors,
their so(4) algebra and their associated momentum maps are given by
kr
X = 1
2
ρrXY q
Y , kr′
X = 1
2
ηr
′
XY q
Y ,
P sI=r =
1
2
√
2
Λδrs , P
s
I=r′ = 0 ,
[kr, ks]
X = −ǫrstktX , [kr′, ks′]X = −ǫr′s′t′kt′X , [kr, kr′]X = 0 .
(5.6)
Now we define the setting for the G-group. If a subgroup of the G-group acts non-trivially
on the hyperscalars, then these must transform in a representation given by a subset of the
Killing vectors (5.6). On the other hand, if a sector of the G-group leaves the hyperscalars
invariant, then one demand simply that the corresponding Killing vectors (ofMQK) vanish, as
well as their associated momentum maps. In our model the subgroup of the G-group that acts
non-trivially on the hyperscalars is SU(2), to which we choose the first set of Killing vectors,
kr
X , together with their corresponding momentum maps.
13The scalar curvature is 6, as required by the supersymmetry of the supergravity Lagrangian.
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The G-group have to be also a subgroup of the isometry group of the very special manifold
MV S. This condition is established in terms of the constraint (2.17), which we rewrite here for
convenience
tI(J˜
F˜CK˜L˜)F˜ = 0 . (5.7)
Let us start by analyzing this constraint without tensor multiplets. It is straightforward to see
that it avoids the gauging of a pure su(2) algebra. That is, if one starts by coupling the pure
supergravity to two vector multiplets, such that the range of the index I = r is three, and
additionally declares that the G-group is SU(2), then one faces with the fact that there are not
solutions of the constraint
ǫrs(tCuv)s = 0 (5.8)
for non-vanishing Crst. In view of this, we use three vector multiplets in our model, such that
the total number of vector fields is four, and declare that the fourth direction of the G-algebra
is Abelian, that is G = SU(2)× U(1). One may check that the constraint (5.7) is satisfied by
the model
C444 = 1 , C4rs = −12δrs , (5.9)
and zero the rest of components of CIJK , being frs
t = ǫrst the only non-vanishing structure
constants. The numerical values has been chosen by convenience. In order to keep the model
as close as possible to the previous analyses in the SO(4, 1)/SO(4) model for the hyperscalars,
we require that these are invariant under the action of the U(1) sector, that is, k4
X = ~P4 = 0.
Now we add up tensor multiplets, turning on two of them, nT = 2. For concreteness, the
matrix ΩMN can be taken as Ω12 = 1. As we mentioned in section 2, not all the symbols tIJ˜
M
can be zero. Since in our model G = SU(2)×U(1), evidently the simplest choice is to put the
tensors fields charged respect the U(1) sector, forming a real doublet of it, but invariant under
the SU(2) sector. In addition, we may require that tensor and vector fields do not mix under
the action of the G-group. These three requirements are meet with the representation
trs
t = ǫrst , t4N
M = 2√
3
ΩMN (5.10)
and zero the rest of components. Due to their block-diagonal form, it is easy to see that
the matrices tI realize the su(2) × u(1) algebra, as required in Eq. (2.10), and satisfy the
constraint (2.16). Putting these matrices in the formula (2.18) we find that the only non-
vanishing components of CI˜J˜M are
C4MN = −12δMN . (5.11)
The values of CI˜J˜K˜ given in Eqs. (5.9) and (5.11) define the very special manifoldMV S. Having
the matrices tI and CI˜ J˜K˜ , it can be checked by direct computations that this model satisfies
the constraint (5.7).
5.2 The solutions
We look for the solutions in the time-like class. The scalars fields φx are vanishing, hence the
scalars hI˜ and hI˜x are nothing but constants. Since they are involved explicitly in the expressions
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of supersymmetric solutions, it is important to have a concrete set of constant hI , hIx at hand.
In our model the constraint (2.1) and its first derivative w.r.t. φx take the form
(h4)3 − 3
2
h4hihi = 1 , (5.12)
h4x[(h
4)2 − 1
2
hihi]− 1
2
h4hihix = 0 , (5.13)
where hi = (hr, hM). A consistent solution to this system is h4 = 1, hi = 0, h4x = 0 and h
i
x 6= 0,
which yields the simplest version for the scalar metric, aI˜ J˜ = δI˜ J˜ . The (constant) induced
metric gxy is diagonalized by h
i
x, gxy = h
i
xh
j
yδij . All the Killing vectors of MV S, which are
defined in Eq. (2.12), vanish for this solution. The tensor mass matrix defined in Eq. (2.35)
yields [M2]MN = 4gδMN .
Now we turn our attention to the space-time metric given in Eq. (3.60). We put ω = 0. We
assume that the base manifold is conformally flat,
hmndx
mdxn = Ω2dxmdxm , Ω = Ω(r2) , r2 ≡ xmxm , (5.14)
and hence take the Vierbein on the base manifold to be
vm = Ωδmmdx
m , vm = Ω
−1δmm∂m . (5.15)
In this basis we can identify the complex structures of the base manifold with those of the
hypervariety
Φrm
n = δm
XJrX
Y δY
n = ρrmn . (5.16)
The anti-selfdual part of the spin connection on the base manifold is
ξ(−)mn = 2
Ω′
Ω2
(
x[mvn] − 1
2
ǫmnpqxpvq
)
(5.17)
where xm = δmm x
n.
Regarding the supersymmetric vector/tensor fields given in Eqs. (3.60) and (3.62), we see
that only the Abelian vector field has time-like component,
A4 = −
√
3fdt+ Aˆ4 , Ar = Aˆr , BM = BˆM . (5.18)
These spatial fields are subject to the preserved supersymmetry conditions (3.56) and (3.57).
The former yields Fˆ 4(+) = 0, whereas the I˜ = (4,M) components of the latter yield
Fˆ 4(−) = 0 , BˆM(−) = 0 . (5.19)
Thus we conclude that Aˆ4 = 0, hence the Abelian gauge field is an electrostatic field, A4 =
−√3fdt. The I˜ = r components of Eq. (3.57) becomes
Fˆ r(−)mn =
1
2
√
2
gf−1Ω2Λρrmn . (5.20)
Now we analyze the Eq. (3.55). In our setting this equations takes the form
Dˆmq
X = (δmY δnX − δmXδnY − ǫmnY X) DˆnqY (5.21)
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whose symmetric and antisymmetric parts give
Dˆmq
m = 0 , (5.22)
Dˆ[mqn] = −12ǫmnpqDˆpqq , (5.23)
where qm = q
m.
To solve these equations we use the same ansatz of Ref. [13],
qm = xmQ , Aˆrm = ρ
r
mnx
nA , (5.24)
where
Q = Q(r2) , A = A(r2) . (5.25)
Eq. (5.23) is automatically solved by this ansatz, whereas the Eq. (5.22) is solved if
r2Q′ +
(
2 + 3
4
gr2A
)
Q = 0 . (5.26)
This equation fixes one of the scalars A or Q in terms of the other one.
The field strength of the gauge field given in Eq. (5.24) is
Fˆ r(+)mn = 2(ρ
r
p[mxn]x
p + 1
4
ρrmnr
2)(2A′ − gA2) , (5.27)
Fˆ r(−)mn = −ρrmn(r2A′ + 2A+ 12gr2A2) . (5.28)
By contrasting last expression with Eq. (5.20) we obtain the condition
r2A′ + 2A+ 1
2
gr2A2 = − 1
2
√
2
gf−1Ω2Λ . (5.29)
The last condition required by preserved supersymmetry is given in Eq. (3.54), whose both
sides can be evaluated on the configuration as we have it. This yields
Ω′
Ω
=
2Q2 + gA
2(1− r2Q2) . (5.30)
This equation was already found in the six dimensional theory in Ref. [13], being Ω the conformal
factor of the transverse metric in that paper. If we solve Eq. (5.26) for A and substitute it in
Eq. (5.30), the resulting equation can be integrated, as was done in Ref. [13], yielding
Ω =
1
r2
(
1− r2Q2
r2Q2
)1/3
, (5.31)
where we have put an irrelevant multiplicative integration constant equal to one.
Having obtained Ω, Eq. (5.29) can be used to obtain an expression for f ,
gf−1 = −2
√
2(Ω2Λ)−1(r2A′ + 2A+ 1
2
gr2A2) . (5.32)
So far, we have analyzed the conditions imposed by preserved supersymmetry on the con-
figuration. Now it is time to check the equations of motion, which are given in Eqs. (3.58) and
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(3.59). One can check that the configuration, as we have it, solves the equation (3.58) except
for the I = 4 component, which yields
∇ˆ2f−1 − 2Ω−4(r2A′ + A)(A+ gr2A2) + 1
12
Ω−4Bˆ2 = 0 , (5.33)
where Bˆ2 = BˆMmnBˆ
M
mn and we have used the fact that Bˆ
M are selfdual.
The tensor Eq. (3.53) evaluated on the configuration becomes (for g 6= 0)
DˆBˆM = dBˆM = 0 . (5.34)
Therefore the spatial tensors BˆM are exact two-forms, BˆM = dCˆM , with CˆM satisfying the
selfduality condition ⋆ˆdCˆM = dCˆM . When evaluated in components, it turns out that this
condition is independent of the conformal factor Ω,
1
2
ǫmnpq∂pCˆq = ∂[mCˆn] . (5.35)
At first sight, one may feel uncomfortable with tensor fields that are derived from one-forms.
However, we should take into account that, after all, BM = dCˆM leads to a non-trivial solution
of the equation of motion (2.29). That is, although DˆBˆM = 0, we have that DBM 6= 0 hence
the two terms of the Eq. (2.29) are non-zero but cancel mutually. It is this equation what
distinguish between vector and tensor fields. We also recall that tensor fields transform in a
non-adjoint representation of the G-group. In our model this means that BM are charged under
U(1). Therefore, there is no way to identify the one-forms CˆM with some physical vector gauge
fields.
At this stage the solution is build from three elements: the scalarsA andQ and the one-forms
CˆM . These variables must be chosen in such a way that the conditions given in Eqs. (5.26),
(5.31), (5.32), (5.33) and (5.35) are satisfied. We have found three classes of solutions of these
conditions: two classes in the gauged theory, one with active tensors fields and the other one
without tensor fields, and one class in the ungauged theory.
5.2.1 Solutions of the gauged theory
There is a route to find solutions of the Eqs. (5.33) and (5.35). First off all, note that the
expression r2A′ + A vanishes for a square-inverse dependence of A,
A =
a
r2
, (5.36)
where a, as well as b, c and d for future reference, are integration constants. We take this ansatz
as the starting point, such that the second term of the Eq. (5.33) vanishes, and consequently we
require that the first and last terms be non-zero but cancel mutually in order to get non-trivial
tensor fields.
We may substitute the ansatz (5.36) for A in Eq. (5.26) obtaining a differential equation
for Q,
r2Q′ + kQ = 0 , k ≡ 1
4
(8 + 3ga) , (5.37)
whose solution, for any value of k, is
Q =
b
r2k
. (5.38)
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Having Q, one can compute straightforwardly Ω and f−1 from Eqs. (5.31) and (5.32). Doing
so we obtain
Ω =
1
b2/3
(r2(2k−1) − b2)1/3
r2
, (5.39)
f−1 = k′
(r2(2k−1) − b2)1/3
r4(k−1)
, k′ ≡ −8b
4/3
9g2
(k − 2)(k − 1/2) . (5.40)
Regularity of the configuration imposes b 6= 0, hence hyperscalars can not be smoothly turned
off from this class of configurations (already known from Eq. (5.31)). The Laplacian of f−1
w.r.t. the metric hmn yields a somewhat simple expression,
∇ˆ2f−1 = k
′′Ω−4
r2(2k+1)
, k′′ ≡ 128b
2
9g2
(k − 2)(k − 1)(k − 1/2)2 . (5.41)
Substituting these expressions into the Maxwell Eq. (5.33) we obtain
Bˆ2 = − 12k
′′
r2(2k+1)
. (5.42)
In order to solve this equation with non-vanishing tensor fields, we are forced to demand k′′ < 0,
hence the range of admissible values of the exponent k is
1 < k < 2 . (5.43)
On the other hand, if we look for solutions with vanishing tensor fields, then k′′ = 0 and
this is in principle possible for three values of the exponent k, k = 1/2, 1, 2. However, the
values 1/2 and 2 yield a vanishing k′, hence a singular f . Therefore, the only exponent valid
for vanishing tensor fields is k = 1. We remark that, at this level, all the functional form of
the supersymmetric solution depends only the one-forms CˆM , they must solve the selfduality
condition (5.35) and also the Maxwell Eq. (5.42) for an appropriated exponent k.
Solution with active tensors fields
The expressions for the vector fields Aˆr given in Eqs. (5.24), (5.27) and (5.28) suggest an
ansatz to solve the Eq. (5.35), it is
CˆMm = α
M
r ρ
r
mnx
nC , C = C(r2) , (5.44)
and αMr is a set of constants. The corresponding self/anti-selfdual parts of Bˆ
M = dCˆM are
BˆM(+)mn = 4α
M
r (ρ
r
p[mxn]x
p + 1
4
ρrmnr
2)C ′ , (5.45)
BˆM(−)mn = −αMr ρrmn(r2C ′ + 2C) . (5.46)
Therefore, in order to have non-trivial and selfdual spatial tensors BˆM , we are forced to impose
r2C ′ + 2C = 0 , (5.47)
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whose solution is
C =
1
r4
, (5.48)
where any multiplicative integration constant can be absorbed in the value of αMr . Thus, we
have that the selfdual spatial tensor fields are given by
CˆMm = α
M
r ρ
M
mnx
nr−4 , (5.49)
BˆMmn = −8αMr r−6(ρrp[mxn]xp + 14ρrmnr2) . (5.50)
The square of these selfdual spatial tensor fields yields
Bˆ2 =
16α2
r8
, α2 ≡ αMr αMr . (5.51)
The final and crucial test for our ansatz is that this square must be a solution of Eq. (5.42).
This holds only for
k =
3
2
, (5.52)
which is in the range of admissible values of the exponent k given in the inequalities (5.43).
Therefore, the Maxwell Eq. (5.42) is solved for k = 3/2 if α2 = 8b2/(3g2).
In summary, the five-dimensional solution, in Cartesian coordinates, is14
ds2 = r4(r4 − 1)−2/3dt2 − 4r−6(r4 − 1)dxmdxm ,
qm = r−3xm , φx = 0 ,
Ar = 2ρrmnx
mr−2dxn , A4 = −√3r2(r4 − 1)−1/3dt ,
F r = −16
3
r−4(ρrp[mxn]xp + 12ρ
r
mnr
2)dxm ∧ dxn , F 4 = −2
√
3(1
3
r4 − 1)
(r4 − 1)4/3 x
mdxm ∧ dt ,
BM = −8√6αMr r−6(ρrp[mxn]xp + 14ρrmnr2)dxm ∧ dxn .
(5.53)
where αMr are six constants normalized by α
2 = 1. This normalization condition is the only
constraint on the constants αMr , which leaves us the freedom to turn off one the tensor fields,
for example by setting αM=2r = 0. Notice that no further active fields can be smoothly turned
off in this solution.
Regularity of the metric restricts the domain of the solution to 1 < r < ∞. To determine
the coordinate-dependence of the divergences as r approach to 1 and ∞, we compute the Ricci
scalar, it yields
R =
r4(23r8 + 114r4 − 45)
18(r4 − 1)3 . (5.54)
14To write this solution in a simple form, we have put b = 1, g = 1/3, rescaled the constants αMr and rescaled
the time t→ 4t.
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The Ricci scalar diverges as r → 1 whereas it is completely regular at r → ∞. Therefore, we
conclude that this metric has a physical singularity and a horizon located, in our coordinate
system, at r = 1 and r →∞ respectively. The regularity of the metric at the horizon becomes
more evident if we shift the metric in Eq. (5.53) to spherical coordinates and then perform the
coordinate transformation r˜ = r−2/3. This leads us to the metric
ds2 = r˜−2
[
(1− r˜6)−2/3dt2 − (1− r˜6)(9dr˜2 + 4r˜2dΩ2(3))
]
, (5.55)
which, as r˜ → 0 and after a further rescaling of the time, takes the form
ds2 = 9r˜−2(dt2 − dr˜2)− 4dΩ2(3) . (5.56)
Therefore, in the near horizon limit the metric approach to AdS2 × S3. We notice that in the
domain 0 < r˜ < 1 the conformal factor of the MQK metric,
Λ = 2
√
2(1− r˜6)−1 , (5.57)
is regular. Finally, we point out that the Cartesian components of the tensor fields BM given in
Eqs. (5.53) decay asymptotically as r−4, faster than any of the field strengths F I of the vector
fields. This is the expected behavior for massless/massive fields.
Solution without tensors fields
We start by setting the tensor fields equal to zero, CˆM = 0, which is the most simple solution
of Eq. (5.35). As we have already pointed out, only the exponent
k = 1 (5.58)
is admissible to solve the Maxwell Eq. (5.42). The five-dimensional solution corresponding to
this exponent is
ds2 = (r2 − 1)−2/3dt2 − 4r−4(r2 − 1)dxmdxm ,
qm = r−2xm , φx = 0 ,
Ar = 4ρrmnx
mr−2dxn , A4 = −√3(r2 − 1)−1/3dt ,
F r = −40
3
r−4(ρrp[mxn]xp + 12ρ
r
mnr
2)dxm ∧ dxn , F 4 = − 2√
3
(r2 − 1)−4/3xmdxm ∧ dt ,
BM = 0 .
(5.59)
Notice that, according to Eq. (5.41), the function f−1 = (r2 − 1)1/3 is harmonic respect to the
spatial metric15 hmn, whose conformal factor is Ω = r
−2(r2 − 1)1/3. None of the active fields
can be smoothly turned off from this solution.
Again, regularity of the metric demands 1 < r <∞. The corresponding Ricci scalar is
R =
23r6
18(r2 − 1)3 . (5.60)
15Indeed, any spherically symmetric harmonic function H(r2) must be of the form H ′ ∼ r−4Ω−2, for any Ω.
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As in the previous case, this metric has a physical singularity located at r = 1 and a horizon
at r →∞. After performing the coordinate transformation r˜ = r2/3, this metric becomes
ds2 = r˜−2
[
(1− r˜−3)−2/3dt2 − (1− r˜−3)(9dr˜2 + 4r˜2dΩ2(3))
]
, (5.61)
which in the near horizon limit r˜ →∞ takes the AdS2× S3 form (5.56). The conformal factor
ofMQK ,
Λ = 2
√
2(1− r˜−3)−1 , (5.62)
is regular in 1 < r˜ <∞.
5.2.2 Solution of the ungauged theory
It is interesting to analyze the case of the ungauged theory (g = 0), which, first of all, requires
the decoupling of the tensor fields. In this case the model reduces to a ungauged N = 1, d = 5
Supergravity coupled to one hypermultiplet and three vector multiplets, being the four AI fields
Abelian gauge fields.
Notice that now the Eq. (5.32) does not fix the scalar f , it is instead an equation for A.
Indeed, this and Eq. (5.26) state that A and Q satisfy that same differential equation,
r2Q′ + 2Q = r2A′ + 2A = 0 , (5.63)
whose solutions are
A =
a
r4
, Q =
b
r4
. (5.64)
Ω, computed from Eq. (5.31), becomes
Ω =
1
b2/3
(
1− b
2
r6
)1/3
. (5.65)
Evaluating the Maxwell Eq. (5.33) we obtain
∇ˆ2f−1 + 2a
2Ω−4
r8
= 0 , (5.66)
and it is now regarded as an equation for f . If we assume that f−1 is spherically symmetric,
then this equation becomes
r2[Ω2(f−1)′]′ + 2Ω2(f−1)′ = − a
2
2r8
, (5.67)
and its solution for Ω2(f−1)′ is
Ω2(f−1)′ =
a2
4r8
+
c
r4
. (5.68)
We can find the integral of this expression, which we write here for the special value b = 1 for
simplicity,
f−1 = 1
4
a2Ω +H , (5.69)
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where
H = c
2F1(
1
3
, 2
3
; 4
3
; r−6)
r2
+ d (5.70)
is a spherically symmetric harmonic function corresponding to the conformal factor Ω = (1 −
r−6)1/3 (we have inverted the sign of the arbitrary integration constant c).
The whole five-dimensional solution is
ds2 =
(
1
4
a2Ω +H
)−2
dt2 − Ω2 (1
4
a2Ω +H
)
dxmdxm ,
H = c r−2 2F1
(
1
3
, 2
3
; 4
3
; r−6
)
+ d , Ω = (1− r−6)1/3 ,
qm = r−4xm , φx = 0 ,
Ar = aρrmnx
mr−4dxn , A4 = −√3 (1
4
a2Ω+H
)−1
dt .
(5.71)
As for the gauged solutions, the domain of this solution is restricted to 1 < r < ∞ and also
c, d ≥ 0. To analyze the character of the divergences we first put c = 0. The resulting metric
has a divergence only at r = 1, which can be seen by direct computation of the Ricci scalar
that correspond to a physical singularity. This singularity is still present in the general solution
(c 6= 0) since the hypergeometric function 2F1
(
1
3
, 2
3
; 4
3
; r−6
)
is convergent, positive definite and
monotonically decreasing in the interval 1 < r < ∞. Thus we conclude that the above metric
has a naked singularity at r = 1.
In contrast to the previous solution, in this solution there are three free parameters, a, c and
d, that can smoothly be brought to zero. The limiting value a = 0 leads to the two solutions
found in Ref. [9], one with c = 0 and the other one with c 6= 0.
6 Conclusions
We have performed the complete characterization of supersymmetric configurations and solu-
tions for the gauged N = 1, d = 5 Supergravity coupled to an arbitrary number of vector-,
tensor- and hypermultiplets. This is the most general supergravity theory known with eight
supercharges in five dimensions.
As was found in previous analyses without tensor multiplets, Refs. [9, 10], the spatial spin
connection, both in the time-like and null cases, is embedded into other gauge connections given
by the quaternionic Ka¨hler geometry and the vector fields. The activation of tensor fields do not
deform these embeddings. However, tensor fields give new contributions to the supersymmetric
Maxwell equation, which in general leads to deformations of the base spatial metrics. Moreover,
the presence of tensor fields adds one more equation to be solved by supersymmetric solutions,
the self-duality condition for supersymmetric tensor fields.
The conditions for unbroken supersymmetry we have found can be used to study concrete
class of supersymmetric solutions. In particular, we have used them to analyze scalar-gravity
solutions, which we define by the condition of vector and tensor fields be vanishing and the
hyperscalars get a constant value. For these configurations we have found that in the time-
like case also the scalars φx must be constant but in the null case they can have a non-trivial
expression. For the cases of constant φx we have classified the metric according to the vanishing
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or not of the constant parameter ~P ∼ hI ~PI , being zero the other contributions to the scalar
potential. In the time-like case we have found that if ~P = 0 then the base spatial manifold is
hyperka¨hler and the local one-form ω is vanishing, whereas if ~P 6= 0 the base manifold is Ka¨hler
and ω is non-vanishing. In the null case the spatial transverse metric is conformally flat and we
have seen the presence of a harmonic function, which suggests the direct coupling to external
sources. Among the null class, one gets Minkowski or AdS5 if ~P = 0 or ~P 6= 0 respectively.
Since we have determined the behavior of the several variables that define a scalar-gravity
supersymmetric solution, these result can be used to search more general solutions with asymp-
totics corresponding to pure gravity solutions, for example AdS5. As it is well known, asymptot-
ically AdS5 supersymmetric solutions are of great interest due to their role in the brane-world
scenarios and in the AdS/CFT correspondence.
We have also used the conditions for supersymmetric solutions to find new exact solutions
with active hyperscalars, vector and tensor fields, which is a further evidence of the usefulness
of the characterization program. To find the solutions we have chosen the SO(4, 1)/SO(4)
manifold as the target for the hyperscalars. Two of the solutions we have found belong to
the gauged theory with SU(2)× U(1) as the gauge group, one of them having active, massive
and spatially self-dual tensor fields charged under the U(1) sector and decaying faster than the
massless vector fields. These two solutions are black holes (spherically symmetric) with physical
singularities covered by the horizons and with AdS2 × S3 as the near horizon geometry. The
third solution we have found belongs to the ungauged theory. It has a naked physical singularity
and has the solutions found in Ref [9] as limiting cases. It must be pointed out that solutions
with naked singularities could be excluded as genuine supersymmetric solutions if a criterion
as the one proposed in Ref. [25], which consists on requiring unbroken supersymmetry even at
the location of the singularity, is used.
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